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Abstract: The componentwise stability is a special type of asymptotic stability, which
incorporates the positive invariance of certain time-dependent rectangular sets with
respect to the state space trajectories. The paper develops the analysis of componentwise
stability for discrete-time Bidirectional Associative Memory (BAM) neural networks
with interval type parameters, providing criteria that allow monitoring the evolution of
each state-space variable towards the equilibrium point. These criteria are formulated in
terms of Schur stability of a test matrix adequately built from the intervals expressing the
parameter uncertainties. Our approach represents a refinement of the classical results in
stability theory, since the time-dependence of the considered invariant sets makes it
possible to give a qualitative characterization of the dynamics at the level of the state

vector components.

Keywords: stability analysis, neural networks, discrete-time systems, nonlinear systems.

1. INTRODUCTION

Consider the discrete-time bidirectional associative
memory (BAM) neural network described by

X+ =A@+ W2 2 (x(0)+ 1, -
(1) X2+ = 22O +W )+,

1 1.2 2
x(t)=xy x(t5)=x5, toel,,

1 11 177 2 2 2 27°
where x :[xl,xz,...,x ] , X :[xi,xz,...,xn] are

m

the state-vectors (7 denoting the vector transposition),
r=[1.05,...1n], P=[1},1},..17] arethe input

vectors and matrices 4" =diag{a},aj,....a}} ,

'm

A2=diag{a12,a12,...,a2}, le[wi.i}, sz[wﬂ

n

have appropriate sizes.

All the components of the activation functions
RO S0 PO AC) L) S ]
2050 PO LD SO £
are globally Lipschitz continuous, i.e. for all i=Lm,
j=1Ln, there exist L[> >0 so that

0<|f{&)- £ Q)< L1E-<],

2 )
@ 0<[f2@) - Q)<L 1E-<,

forall &, el .

In terms of neural networks, according to our
hypotheses, the activation functions are assumed to be
neither differentiable nor bounded. If /'is the generic
notation for an activation function, our approach
covers the following classes of functions: bipolar
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sigmoid £ (s) =[1—exp(-A4s)]/[1+exp(-1s)], A>0,
piecewise saturation  f(s)=[As+1|-|As-1[)/2,
A>0, linear f(s)=A1s, >0, piecewise linear, etc.

Recent papers, such as (Cao et al., 2002), (Liao et al.,
2002), (Mohamad, 2001) and (Zhang et al., 2001),
provide sufficient conditions, formulated in algebraic
terms, for the global (exponential) asymptotic
stability of  continuous-time BAMs.  Work
(Mohamad, 2001) also refers to the discrete-time
case.

Taking into consideration the nature of the
mathematical problems discussed in this paper, the
following notations are used in the remainder of our
paper. O and 0 stand for the null square matrix and
the null vector respectively, each of appropriate
dimensions. For two matrices having the same sizes

®=[g,], ®=[6,]e0"™, matrix inequality ®>©
(®>®) is understood componentwise, i.e. ¢, >0,
(¢,>0,)forall r=1u and s=1,v. Given a matrix
@ =[¢,]el™, denote by |®| the matrix whose

entries are | ¢,, | . These conventions apply in the case
of vectors or vector functions too.

For many problems encountered in practice it is
important to consider that the entries of the matrices

AY, wW*, k=12, defining the dynamics of BAM
(1), are uncertain, in the sense of the matrix
componentwise inequalities:

A'=diag{aya},...a
< A" =diag{@,ay,...
A*=diag{a{ a}...a’
<A’ =diag{@’,a;,....a. },

le[y_ul.,]jﬂjSW1SW1=[‘T’§1']A/=£!’

— JU

©)

i=1lm i=l,m
2 2 _ 2 12 =2 .
4 :[V—Vif]izlﬂgw 4 :[szf i=Lm
j=Ln j=Ln
Consequently, let us introduce the following classes
of matrices:

N}
I
=

INY
m
O

3

£

The family of BAMs generated by (1) for all
A eA F, whkew F, kzﬁ, is called Interval
Bidirectional Associative Memory neural network,
abbreviated as IBAM(A A 2 W1 W ?)

64

This paper proves that the stability of a single test
matrix guarantees a stronger stability property of
IBAM(A 1A 2wiw 2), called componentwise
stability. Unlike the standard concepts of stability,
that give global information on the state-space
vector, expressed in terms of arbitrary norms, the
componentwise stability allows an individual
monitoring of each state-space variable. This type of
stability was first studied by Voicu in (Voicu, 1984)
who applied the theory of flow-invariant time-
dependent rectangular sets to define and characterize
the componentwise asymptotic stability (CWAS) and
the componentwise exponential asymptotic stability
(CWEAS) for continuous-time linear systems.
Further  works extended the analysis of
componentwise stability to continuous-time delay
linear systems (Hmamed, 1996), 1-D and 2-D
discrete-time linear systems (Hmamed, 1997),
interval matrix systems (Pastravanu and Voicu, 2002)
and a class of Persidskii systems with uncertainties
(Pastravanu and Voicu, 2003). Despite the existence
of these results, the componentwise stability of
recurrent  neural networks remained almost
unexplored, except for a reduced number of recent
papers (Chu et al., 2002a), (Chu et al., 2002b), (Chu
et al., 2003) and (Matcovschi and Pastravanu, 2003).

Our paper develops a CWAS/CWEAS analysis of
BAM (1) under the hypothesis of parameter

uncertainties modeled by A*eA *, wrfew ¥,

k=12. The concepts employed by our work are

rigorously defined in Section Il. Section Il provides
the main results, consisting in sufficient criteria for
the CWAS/CWEAS of BAMs with uncertainties.
Section IV creates a deeper insight into some
frequently encountered particular cases and allows
comparisons with other papers. A few final remarks
are formulated in Section V. All over the text, the
vector (matrix) inequalities have componentwise
meaning.

2. PRELIMINARIES

Assume that BAM (1) has a finite number of
equilibrium points and let x, =[x!" x> |" be one of
x;= A+ WA (x2)+ 1

! and
x? :A2x5+W1fl(xi)+I2 .

these, i.e.

Definition 1. (a) Let p' and p? be two vector
functions p*:0, —0", p*:0,—0", with positive
components pl(f)>0, i=Lm, p’()>0, j=1n,
tel,, meeting

() limp()=0, k=12.
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If for any t,el, and any initial condition

xo—[xo xo] . xieO™, xZeD", satisfying

x5
to (1), xO)=[¥0)" 0],
k=12, meets the inequality |x*()—x|<p*(),

Viell,, t>t,, k=12, then we say that the
equilibrium point x, of BAM (1) is componentwise

x* () =x"(t:15,x5) ,

asymptotically stable with respect to p* and p?,
abbreviated as CWAS( p', p°).

(b) The equilibrium point x, of BAM (1) is globally
CWAS( p', p?), or CWAS(p',p*) in the large,
GCWAS(pl,p2 ), if x is

abbreviated as ;

CWAS( cp',cp?) for any scalar ¢>0.

(c) BAM (1) is said to be CWAS( p*, p?) if it has an
equilibrium point x, that is GCWAS( p', p?).

(d) IBAMA *A 2W'W?) is said to be
CWAS( p', p?) if BAM (1) is CWAS( p', p*) for all
AYeA F o wlew F | k=12.

Remark 1. 1t can be proved that (a) if an equilibrium
point x,=[x" x2*|" of BAM (1) is CWAS( p", p*),

then it is also uniformly asymptotically stable in the
sense of the standard definition, e.g. (Michel and
Wang, 1995), pp. 107; (b) if an equilibrium point

x, |:xlr 21:| of BAM (1) is GCWAS(p', p®),

then it is also uniformly asymptotically stable in the
large in the sense of the standard definition, e.g.
(Michel and Wang, 1995), pp. 108).

Until this point of our presentation the time-
dependence of the vector functions p*(r), k=12,

was considered arbitrary. If the CWAS property
exists for the particular form of the vector functions

p()=c'a', p’()=c'a’ tel ,
o)), ad'cl”, a'>0,a’cl”, a’>0,

(6)

then we refer to a special type of stability property
called  componentwise  exponential — asymptotic
stability, abbreviated as CWEAS, and Definition 1
yields the following:

Definition 2. If the hypotheses of Definition 1(a-d)
are fulfilled with p*(), k=12, given by (6), then

we say that: (a) the equilibrium point x, is
CWEAS(o,a',a?); (b) the equilibrium point x, is
globally CWEAS(o,a",@®), abbreviated as
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GCWEAS(o,aha?); () BAM (1) s
CWEAS(o,a'a?):(d) IBAMA A 2W W ?)
is CWEAS(o,a",a?).

Remark 2. 1t can be proved that (a) if an equilibrium
x,=[x'xX] of BAM (1) s

CWEAS(o,a',a?), then it is also exponentially

asymptotically stable in the classical sense (e.g.
(Michel and Wang, 1995), pp. 107); (b) if an

equilibrium point x,=[xX x> |" of BAM (1) is

GCWEAS(o,a',a”), then it is also globally

exponentially asymptotically stable in the classical
sense (e.g. (Michel and Wang, 1995), pp. 108).

point

3. MAIN RESULTS

3.1. CWAS of IBAMs

IBAM(A YA 2w iw ?) is
CWAS( p*, p?) if the following inequalities hold

Theorem 1.

P (t+l) > Alpl(t) W szz(t)

Vtell
PR+ = A2 p* () + W Lp\(),

where matrices A, W*, I, k=12, are defined
by
A'=diag{a},ay,....ay}, a=max{|all|a}l}, i=1m,

;lzzdiag{&f,&g,...,&f}, at=max{|a’|a’}, j=1n,

7™, a1,

o 7L i e
=diag{L3, L5,.... L;,} €0 ™",
L2=diag{l,f,L2,...,Li}eD”X”.
Proof: Given arbitrary A*eA *, wrew ¥,

k=12, the dynamical behavior of the state-space
trajectories of BAM (1) in a vicinity of the

equilibrium point x, =[x} x2* | may be analyzed
by means of the deviations
k=12, that satisfy

y=x"0-x¢,

Y+ =AYy O +wg?(yi(0),
©) yX+)=A’p*(O)+W'g (¥'(1),
yl(t0)=xé—xi, yz(to)zxg—xf

where

g) = x)-f1x),

10
(10) )=l £2(xD).
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, is CWAS( p', p?) for (1) if and only
if y,=0 is CWAS( p*, p®) for (9). The components

g, i=Lm, and g?, j=1n, of the activation

Obviously, x

functions g' and, respectively, g, are Lipschitz

continuous and satisfy the following conditions
derived from (2):
(11) 0<|gi(&)<Lilél, O<|gi(@)<L3l€l,

forall £l .
Assuming that for an arbitrary ¢ >0, the solution to
(9) initiated so that |y* ()| <cp*(t,) , k=12, satisfies

EAGECAOR k=12, for a certain >1,, and
taking (11) into account, we get

press)sfabtols Dl (o)<
smax{lahla o] Smax{uf 1 ) £p70)s
s{a,%p}(thﬁlw;épf(t)} i=Lm,

>
i<l S (o)<
<max{a?|a 320+ ;max EAEAVAIO

(12) g{a§p5(t)+z@;¢pg(z)}, j=1n
j=1

If (7) is satisfied, it follows that [y* (¢ +1) < cp*(t+1),
k=12; the
fulfillment of |y* (1) <cp* (1), k=12, is ensured for

through  mathematical induction

all ¢>¢,, meaning that y, =0 is CWAS(cp',cp?) for
(9). Since this happens for all ¢>0, the equilibrium
point x, of BAM (1) is GCWAS( p', p*), showing
that BAM (1) is CWAS( p*, p?). This conclusion can
be drawn for all BAMs described by (1) with
A" eA ¥ W eW * | k=12, which completes the
proof.

Remark 3. Let us introduce the augmented vector
function

PO, >0 pO=[PO° PO] . (13)

and the matrix @ ] ™) defined by
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[4 o] [o W[l o]
6= ~2 || 1 2|~
14 0 4 w: 0 ||0 L
4 AL Wi
e " )
where matrices A%, W, ¥, k=12, given by (8).
The sufficient condition (7) stated by Theorem 1 can
be equivalently written as

(15) pE+)=6p(r), Vrel .,

Remark 3 suggests us to explore the role of matrix
® (14) in ensuring the CWAS(p' p*) of
IBAM(A YA 2 W1 W ?). Let us first notice the
special structure of the test matrix ®, which is
nonnegative (all its elements are nonnegative). This

remark motivates us to present some preparatory
results.

Lemma 1. Let ©=[0 ]l be a nonnegative

square matrix and let us denote by 4 .(®), r=lgq, its
eigenvalues. Then, ® has a real eigenvalue (simple
or multiple), denoted by A4..,(®), which fulfils the
dominance condition |A,.(®)|< A, (®) for all
r=1q . Moreover, 6, <1,,(®), r=1gq.

Proof: It results from (Pastravanu and Voicu, 2002),

Lemma 2.1, and from (Horn and Johnson, 1985),
Corollary 8.1.20.

Lemma 2: If ©,% €07 are nonnegative matrices
satisfying ®@ <W¥ , then 4., (®) < A, (¥).

Proof: It results from (Horn and Johnson, 1985),
Theorem 8.1.18.

Lemma 3: 1f @=[0,]€l " is a nonnegative matrix,
then, for any oell |, with 4, (®)<o, there exists
a positive vector y €] ¥,y >0, such that @y <oy .
Proof: Since @ is nonnegative, for any oell ,,
Anax (@) <o, there exists an ¢ =¢(o) >0 such that
A @+€E)<o, where E=[e, ]el ™, with
e. =1, r,s=1¢q. Thus, for the Perron eigenvector
yel?, y>0, of the positive matrix ®@+¢E >0
we can writt @y <(@+¢E)y =4, (@+cE)y <
<oy . Note that when @ is irreducible, the existence
of the Perron-Frobenius eigenvector y e, y >0,
ensures the equality ®y =4, (®)y .

We are now able to establish the following result.
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Theorem 2. If matrix ® defined by (14) is Schur
stable, then there exist two vector functions p*(¢),
k=12, satisfying the conditions from Definition 1
S0 that IBAM(A A 2w 1w ?) is
CWAS( p*, p?).

Proof: Indeed, if ® is Schur stable, then the vector
function

-1
(16) p()=0'p(0)+ D O°v(1-1-¢)
¢=0

(defined with p(0)>0 and adequate v({)>0,

¢ell,, such that lim» @°w(r—¢)=0), satisfies the
t

%wg“:o
algebraic inequality (15) and p()>0,
limp(r)=0. The two functions
—0

CWAS( p*, p*) result from the
partitioning of p, in accordance to (13).

Vtel
ensuring

appropriate

3.2. CWEAS of IBAMs

Theorem 3. IBAM(A 1A 2w lw ?) is
CWEAS(o.a'a?) if
inequalities hold

the following algebraic

1o 1.1, 147272,.,2
17) oa 2/{0{ +WALa ,
oa’> A%’ +W'La'
Proof: It is a direct consequence of Theorem 1 when
the time-dependence of vector-functions p’(r),
k=12, is given by (6).
Remark 4. The same as in Remark 3, let us notice
that by introducing the augmented vector
a=[a" o | 1™, inequalities (17) may be
written in the equivalent matrix-form

(18) oca>0a,
where @ is given by (14).

Similarly to Theorem 2, the following result is
available for CWEAS.

Theorem 4. If matrix ® defined by (14) is Schur
stable, then there exist two positive vectors

atel" at>0, a’cl”" a’>0, and a scalar
ce(01), so that IBAMA YA W W ?) is
CWEAS(o,a"a?).

67

Proof. If matrix ® is Schur stable, then Lemma 3
ensures the existence of oell ,, 4,,(®)<o<1 and

acll ™" a>0, satisfying inequality (18). The two

positive vectors ensuring CWEAS(o,a’,a) result
from the appropriate partitioning of « .

3.3. CWAS/ CWEAS of a BAM

The generality of our results on CWAS/CWEAS of
IBAMs includes the particular case of a BAM with
fixed parameters (i.e. without uncertainties), obtained

for A'=A"=A", wWr=w*=w*, k=12, in (3).
The CWAS/CWEAS approach relies on the
replacement of the test matrix @ el ™™ " pyijlt
according to (14), by the test matrix Qe[ (+<m+n)

defined as:
a4 o |.[ o WL o]_
(19) o |4 WY o Jo I?
_| 14w
wHr o |4% ]

with matrices L, k=12, given by (8).

Theorem 5. If matrix Q defined by (19) is Schur
stable, then

(a) BAM (1) is CWAS( p', p?) if the augmented
vector function p(r) given by (13) fulfills the
difference inequality

(20) p(+D)=Qp(0), Vtel ,;

(b) BAM (1) is CWEAS(o,a’,a?) if the scalar o
and the vector a:[ah aZ’TeD mflfill the

algebraic inequality

(21) ca>Qa.

Remark 5. The conditions |af|<1, i=Lm, |a’|<1,

j:ﬂ, are necessary for matrix Q defined by (19)
to be Schur stable. It is worth noticing that such

conditions are formulated as working hypotheses in
most papers dealing with discrete-time BAMs.

Remark 6. 1f BAM (1) is CWEAS(o,a*,a?), then,

- . apep s - _ 17 27
for its unique equilibrium point xe—[xe x;

T
] we
can write
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Ve>0, Vi el ,, Vx,el "™,
(22) [xo—x |2 <& = |x(titg xo) x|l < g0,
Vtel,, t=t,,

where the vector norm | ||i is defined by
IS =AM, , vxeD ™", with

(23) A=diag{lla;,..., La, Uaf, .., 1le?} .

This shows that for each concrete neural network the
definition of exponential stability of x,, e.g. (Michel

and Wang, 1995), pp.107, with respect to the norm
| | is fulfilled in the particular case &(¢)=2¢,
VYe>0.

Similarly, the definition of global exponential
stability of x,, e.g. (Michel and Wang, 1995),

pp.108, is satisfied for the particular case M =1,

Viyell ,,Vxyeld ™™,

"x(t;t0’ xO) - xe": < MOJ?[U "xO - xe": ’ Vi tO'

(24)

Remark 7. In terms of the matrix norms induced by
the vector norms, the sufficient condition for BAM

(1) to be CWEAS(o,a,a?) can be formulated as

25) oI} =[a0a™| <o<1,

where matrix A is given by (23). This is a direct
consequence of Theorem 5(b).

5. CONCLUSIONS

This paper provides easy-to-apply algebraic criteria
for exploring the componentwise (exponential)
asymptotic stability of discrete-time BAM neural
networks with interval type parameters. These
criteria are formulated in terms of Schur stability of a
test matrix adequately built from the nonlinear
system. Theorems 2 and 4 are the key elements of
our approach that gives a qualitative characterization
of the dynamics at the level of the state vector
components. This novel point of view refines the
classical results in stability theory based on global
information about the state vector, expressed in terms
of arbitrary norms.
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