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ABSTRACT

The calculation of pipeline networks with Q- equations involves the determination of flow rates of
liquid flowing through pipes by solving the system of equations comprising the mass conservation
equation and the energy conservation equations written along the loops and pseudo-loops. The pa-
per presents an application that solves a network comprising a PRV (Pressure reduction valve). In
case of mounting a PRV in the device it takes place a leap of energy and energy conservation equa-
tion along a loop is no longer valid. The literature recommends fitting a fictitious tank instead of the
device and writing the energy conservation equation in the pseudo-loop.
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1. THE PRESENTATION OF Q- Q;-flow on pipe i,
EQUATIONS METHOD FOR r-number of flow imposed,
SOLVING PIPE NETWORK m-number of flow pipe connected to
node j.

A loop is considered a sequence of
pipes that begins in a node and ends in the
same node. For a loop, the energy conser-
vation equation is written as (Ec.2).

The Calculation of a pipeline network
with Q-equations involves calculating pipe
flows under stationary flow conditions
when the pipe properties (L-length, D-
diameter, material type and k-roughness)
are known. The system of Q-equations <
contains the continuity equations in the Zhﬁ' =0
nodes (Ec.l1) and the equation of energy =l
conservation written along the loops (Ec.2)
and the pseudo-loops (Ec.3).

@)

where:

hg-head loss on pipe i,
- m n-number of head losses.
Zij _ZQﬁ =0 (1) A pseudo-loop is a sequence of pipes where
= — the heads to the ends load is known. The en-
ergy equation for a pseudo-loop has the form
of (Ec.3).

where:
j-junction number (node),
Qy-imposed flow in the pipe k,
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H, ~Hg =) hy 3)
i=1

where:
hg-head loss on the pipe,
n-number of head loss,
H; -head in the left end of pseudo loop,
Hg-head in the right end of pseudo loop.

In (Fig.1) is represented a network that
comprises a loop and a pseudo-loop. The
energy conservation equation is written along
the loop and pseudo-loop.

For loop I, the energy conservation equa-
tion, considering clockwise the positive
sense, has the form:

Hyg =hge theg —hgg tHp - @

where:

Hg-energy head at node B,

hegc- head loss on the pipe BC,

h¢cg- head loss on the pipe CE,

heg- head loss on the pipe EB.
The head loss hgp has minus sign because
the flow is counter clockwise.

Fig.1 The network containing
a loop and a pseudo-loop

In the case of pseudo loop II, the energy con-
servation equation has the form:

Hp=H,y =hgep —hgep —hgy  (S)

where:
Hp- elevation of liquid level in the tank D,
Ha- elevation of liquid level in the tank A,
hscp- head loss on the pipe CD,
h¢cg- head loss on the pipe CB,
heea- head loss on the pipe EA.

The head losses hycp and hic, have minus
sign because the flow is counter clockwise.
Head losses are expressed in relation to flow
rates by

hy =H; —H; =a; D; ©)

where:
H;-energy head in junction i of pipe,
Hj-energy head in junction j of pipe,
n-exponent,
aij-hydrodynamic coefficient.

The hydrodynamic coefficient aij is calcu-
lated with the relationship (5) [1].

_ L; L 8
a; _[(f;’j GD7+ZI:C1¢]—2QZ 7 mﬁé‘}

)

<

where:
fjj-friction coefficient,
Ljj-length of pipe between nodes i and j,
Djj-pipe diameter between nodes i and j,
Ck-local head loss,
g-gravitational acceleration.

The system of equations (2), (3), (4) relative
(2), (4), (5) is solved with the iterative New-
ton-Raphson method.

The equations of mass conservation in
junctions and the energy conservation equa-
tions in loops and pseudo-loops are consid-
ered as:

F(x,x%,..,x,)=0

Fy(x,%,.,x,)=0
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where unknown X X,...x, are flow rates
Q1, Q,,...Q,, in this case.

The iterative formula Newton-Raphson for
solving the equation system is:

(m+1)

T P R ) 05 LR BC

where:
(m+1) . .
{x} -vector of unknowns at iteration
(m+ 1),
(m)
{x} - vector of unknowns at iteration
(m),

-1 .. .
[J ] - the Jacobian inverse matrix of

system,
{F } , -vector of values equations F cal-

culated with the estimated initial flow rates.

2.THE PARTICULARITIES OF THE
METHOD IN THE PRESENCE OF
PRV

When installing a PRV (Fig. 2a) an ener-
gy jump occurs in this device. If it is a spring
it consumes energy to set the opening of the
PRYV. In the literature, for example [5], it is
recommended to replace PRV with a ficti-
tious tank where the free surface elevation is
equal to the sum of the piezometric head at
which the PRV is set and the elevation of the
point where the PRV is mounted in the net-
work (Fig.2b) . The Law of Energy Conser-
vation for the pseudo-loop I is written as:

Hy —Hygp =hgg; +hyx —hps (10)
where:
H;- elevation of liquid level in the tank 1,

Hygp- elevation of liquid level in the ficti-
tious tank replacing VRP,

hgg;- head loss on the pipe RJ,

hgk- head loss on the pipe JK,

heks- head loss on the pipe KS.

VRP

Fig.2a The network with PRV

Fig.2b The modified network containing the
fictitious tank

To solve a network containing PRV, the
method outlined above involves the follow-
ing steps:

1. Write the continuity equation in junctions
ignoring PRV .

2. Replace PRV with a fictitious tank having
the free surface elevation equal to the sum of
the elevation of the point where the PRV is
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mounted and the pressure head correspond-
ing to the load set for the PRV.

3. Write the system of equations comprising
the mass continuity equations in the junctions
(nodes) and the energy conservation equa-
tions on loops and pseudo-loops for the mod-
ified network.

3. PIPELINE NETWORK
APPLICATION COMPRISING PRV

The above procedure is applied to the
six-pipe network of water (Fig. 3) and in
which the pressure reduction valve (PRV) is
mounted on the pipe (6) at a distance of 15
[m] downstream of the node [1].

R2
HﬂO[mJ

H,=20[m]
hm=15 [m]

Q)] hy, =15 [m] )

hm=10 [m]

L[”_VRP:I 5 [m]
hypp=9[m]

() 0,015 [m?/s]
VRP

LVRP_[ i 10 [m]

)
hHl:O [m]

[4]
0,015 [m¥/s]

Fig.3 The network on which PRV is mounted

Note the pipe number between round
brackets, for example (1) and the node num-
ber between square brackets, for example [1].
The network comprising the tank R; having
the elevation H; = 20 [m], the tank R, having
the elevation H, = 30 [m] and the centrifugal
pump P having the characteristic hp = 24Q*
5Q + 35. The PRV is set to reduce the pres-
sure head downstream of it at value 19.1 [m]
water column (187,180 Kpa). The pipes are
made of steel with roughness k = 0,00003
[m]. The dimensions presented in (Table 1)
are: Qg-estimated initial flow (Newton-
Raphson method is iterative method), k-

roughness of pipes, D-inner pipe diameter, e-
relative roughness, L- length of pipes, v-fluid
circulation velocity, Re-Reynolds number, A-
friction coefficient at fluid flow, a-
hydrodynamic characteristic of the pipe
(Ec.5), hy; -elevation of point [i].

Tab.1 Network Parameters

Nr. 1 2 3 4 5
pipe| Qo Qo | k[m] |D[m] |e-E04
[m’/h] | [m?/s]

1 54 | 0,015 | 3E-5 (0,104 2,88
2 18 | 0,005 |3E-5] 0,06 | 5,01
3 54 | 0,015 | 3E-5 (0,104 2,88
4 72 0,02 |3E-50,104| 2,88
5 18 | 0,005 | 3E-5 (0,104 2,88
6 36 0,01 |3E-5[0,060| 5.01

Tab.1 (continuation)

Nr. 7 8 9
pipe | Lim| | v[m/s] Re
1 30 1,766 182275,3
2 40 3,538 210629,2
3 10 1,766 182275,3
4 15 2,355 243033,7
5 25 0,588 60758,42
6 25 3,538 210629,2
Tab.1 (continuation)
10 11 12
A a [s’/m’] hyiy [m]
0,01572 1603,006 | hy=15
0,01745 3713925 | hp=I15
0,01572 534335 | hu=10
0,014895 759,430 hyy=0
0,020153 | 1712,536 | hyver=9
0,015298 20340,13

The system of Q-equations for this network
comprise four equations of junction continui-
ty and two energy conservation equations on
the two pseudo-loops. Continuity equations
are not affected by PRV presence and have
the form:
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Node [1], F; =0 - Q, -0, -0 =0

Node [2], F, =0 - Q;+0Q, -0, =0

Node [3], F; =0 - Q, 05 —0,015=0
[

Node [4], F, =0 - Qs +Q5 —0,015=0
(11)

where:
Qi, Q,...Q¢ are flows in the pipes (1),
2)...(6).

In order to write energy conservation equa-
tions, the network in (Fig.3) is changed, the
PRV is removed and replaced by a free sur-
face reservoir at a elevation equal to the pres-
sure head at which the PRV is set plus the
elevation of the point where the PRV is
mounted in the network(HGL= 28.1 [m]).

The elevation of the point PRV (hjpry)) is
obtained from the triangles achieved by the
elevations of the points [1] and [4] and the
lengths of the pipe sections (6) between the
node [1] and the VRP and VRP and node [4].

15
E:% = Nipgy) :9[’"]

The modified network shown in (Fig.4)
comprises two pseudo-loops.

The energy conservation equation for
the pseudo loop I, in which the losses are
calculated with the relations (4), has the
form:

F5=0 - Hy,~hp —H, =

(12)
=ay [0F —a, [0 - [0

The energy conservation pseudo-
loop II, in which the losses are calculated
with the relations (4), has the form:

Fg=0 - Hy —Hypp =

2 4 2 13
=a; 05 tay Oy +as 105 —a, Qg

H,~30[m]

(1) hy,=15 [m]

(6) 11
HGL=28,1[m] 4/ 3]

Lygp4=10 [m]

[4]
0,015 [m¥/s]

Fig. 4 Modified network layout

The coefficient a; corresponds to the pipe

section between PRV and the node [4]
(which the fluid circulates in pseudo-loop II).
It is calculated as a fraction of the coeffi-
cient, proportional to the ratio of the pipe
length between the PRV and the node [4] and
the total length of the pipe to which the PRV
is mounted.

Lypp
o =a 3% Z 503401322 = 8136
6 = de =T %5

The system of equations accomplished by the
equations (10), (11) and (12) written in ca-
nonical form with the values of the coeffi-

cients a; ... ag (see Table 1) for the first itera-
tion becomes:

F=0-0-0,-0=0
F,=0-0;+0,-0,=0

F,=0 -0,-05-0,015=0 (14)

F, =0 - Qg +05-0,015=0

F; =0 - 302407 +500, -35-20-
~534,3[D2 +37139, 2502 ++1603,06[D2 =0
F, =0 - 30-28,1-534,335[07 -
~759,43[0} —-1712,536 D2 +8136 D2 =0
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The system (14) is a determined system con-
taining six equations with six unknowns rep-
resented by the flows Q, Q, ... Qg It is
solved by the Newton-Raphson method. Af-
ter six iterations, the convergence was
achieved, |Qs5-Qg [<0,0005 [m3 / s]. The coef-
ficients a, ... ag are calculated after each itera-
tion as the flow regime changes.

For the first iteration the values of New-
ton-Raphson components are:

{F},={o 0 0 -376 224" (15

1 -1 0
0 1 1
0 0 0
0 0 0
52,37 74278 -16,0299
0 0 -16,0299
0 0 -1
-1 0 0
1 -1 0
0 1 1
0 0 0
-30,3772 -17,125 162,72
(16)
-1
I
0,999345 0,0709894 0,205137
-0,0007 0,0001504 2,69E-05
0,000655 0,92901050 0,794863
-5E-05 -0,070839 0,79489
-5E-05 -0,070839 0,20511
0,010964 0,2054747 0,580449
0,951941 0,0019015 0,007318
-0,05026 0,002419106 -0,00093
0,048059 -0,00190155 -0,00732
-0,0022 0,000517551 -0,00825
-0,0022 0,00051755 -0,00825
1,002201 -0,00051755 0,008248
am

[J(o)}_l {F}, =

={0,015 0,005 0,015 0,02 0,005 0,01}"

{4 ={51 506 24,8 29,9 14,9
6,53E-2}" xE-3

The values of the flows corresponding to the
six pipes obtained in the six iterations are

presented in (Table 2).

Tab.2 Flow values in the six iterations

Nr.pipe Q[m’/s]

Iteration 1 | Iteration 2 | Iteration 3

0,005125 | 0,004499 | 0,021497

0,00506 | 0,003311 | 0,019968

0,024875 | 0,025501 | 0,008503

0,029935 | 0,028812 | 0,028471

0,014935 | 0,013812 | 0,013471

NN || W[ =

6,53E-05 | 0,001188 | 0,001529

Tab.2 (continuation)

Q[m’/s]

Iteration 4 | Iteration 5 Iteration 6

0,01727 0,015703 0,015868

0,01305 0,011316 0,011166

0,01273 | 0,014297 0,014132

0,02578 0,025613 0,025298

0,01078 0,010613 0,010298

0,00422 0,004387 0,004702

Knowing the flows in each pipe QI ... Q6
can be calculated the energy head in each
node with relation (6).

4.CONCLUSIONS

The introduction of the fictitious tank
instead of the PRV allows the energy conser-
vation equation to be written in a loop or
pseudo-loop despite the energy leap in the
PRV. With mass conservation equations and
energy conservation equations, the Newton-
Raphson piping network can be solved.
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Using the fictitious tank, it is possible to
estimate how PRV works. In the application
of paragraph 3 to see how PRV works, com-
pare the pressure head before PRV with pres-
sure head it is set. For this purpose, the ener-
gy head is calculated in the node [1].

Hyy =H, +hp = [@7 =20+24 [0} - s
=500, +35-0,403 =34,52[m]

where:

Hpjj-energy head of node [1],

H;- energy head of tank 1,

hp-pump head,

a, (O} -head losses pipe (1),

a, - hydrodynamic coefficient pipe (1),
Q;-flow pipe (1) (see Tab.2, iteration 6).

The energy head before the PRV, from the

network conditions, is calculated with the
relation:

Hypry) = H]y) -ag [0 =
34,523[m] - 0,269 m] = 34,254 [ m]

where:
Hiaprvi- the energy head before PRV,
Hi;- the energy head of node [1],

(16)

ag IZQ62 - head loss on the section between the
node [1] and PRV,
Q¢- pipe flow (6).

Head loss on the section between node [1]
and PRV, calculated on the basis of the rela-
tion (4), have the value:

" 1]-PRV
6

=20340,13 Blzism), 0158> =0,269[m]

where:

ag — the hydrodynamic coefficient of

the pipe section comprised between node [1]
and PRV,

Qs- pipe flow (6),

ag- the hydrodynamic coefficient of

pipe (6).

The hydrodynamic coefficient corresponding
to the pipe section between node [1] and
PRV, ¢ represents a fraction of the hydro-

dynamic coefficient of the pipe (6) and is
calculated with the relation:

@ =ag L{l];PRV _
6 (18)

= 20340,1302 = 12204[‘92 /m5]
25

where:
ag — the hydrodynamic coefficient of

the pipe section comprised between node [1]
and PRV,

L11pry- the length between node [1] and
PRV,

From Bernoulli's equation, the energy
head has three components, the pressure head
that corresponds to static pressure, elevation
and kinetic head. The pressure head and ele-
vation compose piezometric head. To see the
operating mode of the pressure reduction
valve (PRV) must be compared the pressure
head before PRV with the value PRV it is

set.
2

D _ V

" Hiaprv] =/t pgy ] _;_g

=34,254[m] ~9[m] -0, 638[m] = 24,615[m]
19

where:

L the pressure head at the point where

PRYV is mounted,
H - the energy head where the
[aPrv ]

PRYV is mounted,
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2
v,
ZL - the kinetic head where the PRV is
8
mounted,
ve- water velocity in the pipe (6),
g- gravity acceleration.

The surface elevation of the fictitious tank
that replaces the PRV (HGL = 28,1 [m] con-
tains two components, the pressure head it is
set PRV and elevation of the point where the
PRV is mounted in the network.

_(p r)
Hot= [ V] oy - [Vj

= HGL= ,..,1=28.1[m] =9[m] =19.1[m]

(20)
where:

[ﬁ] - the pressure head it is set,
set

h[ -elevation of the point where the
PRV ]

PRYV is mounted,
HGL- elevation of the fictitious tank.

It is noted the PRV pressure head is 24,615
[m] water column (Ec.19), higher than the
pressure head at which the PRV it is set, 19.1
[m] water column (Ec.20). Under these con-
ditions, the pressure reduction valve (PRV)
operates in normal mode (reduces the pres-
sure from 241 227 Kpa, corresponding to
24,615 [m] water column to 187,180 Kpa,
corresponding to 19,1 [m] water column.
When a pipeline network contains a
BPV (Back pressure valve), a similar method
is applied having steps:
1. Write the continuity equation in junctions
ignoring BPV .
2. Replace PRV with a fictitious tank having
the free surface elevation equal to the sum of
the elevation of the point where the BPV is
mounted and the pressure head the pressure it
has to maintain in the system. The pipe sec-

tion downstream of the BPV , from BPV to
the first junction is removed

3.Write the system of equations comprising
the mass continuity equations in the junctions
(nodes) and the energy conservation equa-
tions on loops and pseudo-loops for the mod-
ified network.
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