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Abstract

We extend the method of constructing harmonic morphisms via implicitly defined maps to the generalized context of
V-harmonicity. We prove that if a map F: N X M — Q satisfies specific holomorphic and V-harmonic conditions, the
local solutions to the implicit equation defined by F are V-harmonic pseudo-horizontally homothetic (PHH) maps.
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1. PRELIMINARIES

The construction of harmonic morphisms through implicit maps was notably developed in previous
works (see [2]), where it was also shown that level sets of maps satisfying certain geometric conditions--
specifically, pseudo-horizontal homothety and harmonicity--are minimal submanifolds. Recently, the
concept of harmonicity has been generalized to IV-harmonicity by introducing a vector field VV on the source
manifold.

In this note, we combine the implicit function techniques for PHH maps (see [1],[2]) with the theory
of V-harmonic maps (see [9]) to provide a new existence result for V-harmonic PHH submersions.

Let (M™, g) and (N™, h) be two Riemannian manifolds, and V' a smooth vector field on M.
Definition 1.1 ([3], [5]) We call a smooth map @: M — N a harmonic map if it is a critical point of the

energy functional: E(¢) = % fDld(pl2 vy, for any compact domain D c M.

Remark: A harmonic map can be also characterized using the tension field which is defined (see [3]) as
the divergence of dg. Following Eells and Sampson (see [6]), a map is harmonic if and only if the tension

field T(¢p) = 0.
Definition 1.2 ([9]) A smooth map ¢@: M — N is called V-harmonic if its V-tension field vanishes:

(@) =1(p) + dep(V) =0,

where t(¢) is the standard tension field of the map ¢.

Remark: For a smooth map : M — N, the tension field 7(¢),is a section on the pull-back bundle
@ 1TN - N, and in local coordinates (x;) i=TmonMand (y,),_15 on N respectively, it has the following
expression (see for example [3], [5]):

@W=) @)
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where the expression of 7(¢)%,Va = 1,...n, is the following:

a
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By FMZ. and FNZ . are denoted the Christoffel symbols of M and N, and ¢ =@ o y,.

If a smooth vector field V is considered on the manifold M, V = Y1, V; %, the expresion of the

V-tension field 7, (¢) is the following:

n

n m
( )_Z (©)° d +zzva¢a d
VT LT 5y T L L w0y,
= =1i=1
Remark: 1. The notion of V-harmonic map naturally generalizes the classical notion of a harmonic map,
but is not defined via a variational problem.
2. When V equals zero, or is a vertical vector, the two notions coincide.

3. In the case of a smooth function f: M — R, the V-harmonicity reads:

Ay (f) = A(H)+<V,Vf >=0.

If (M™, g) is a Riemannian manifold, (N 2™, ], h) is a Kihler manifold, and ¢: M — N is a smooth
map, where by VM and VV are denoted the Levi-Civita connections on M and N, respectively, and by
d@y:TyM > Tyx)N the adjoint map of the tangent linear map dg, it is easy to see that dg*(X) is a
horizontal vector field on M, for X a section on ¢ 1TN.

In this settings, the map ¢ is called pseudo-horizontally (weakly) conformal at x € M, (see [8]) if
and only if [dg, o dey, Jy] = 0, and pseudo-horizontally (weakly) conformal if it is pseudo-horizontally
(weakly) conformal for any point of the manifold M.

In local real coordinates (x;);=1 ., on M, and local complex coordinates (z;)4=1,.., On N, and
% =2z, @ (see [8]), the local description of the pseudo-horizontally (weakly) conformal (PHWC)

condition is:
O 9% P
Y —. —=0,Va,b=1,..,n

Z 9 axi ax] ¢ "

i,j=1
A special class of PHWC maps is the class of pseudo-horizontally homothetic maps.
Definition 1.3 ([2]) A smooth map ¢: M — N is called pseudo-horizontally homothetic at x € M, if it is
PHWC and satisfies an extra condition at x: V v € T, M a horizontal vector field and VY € TN a vector
field defined in a neighborhood of the point ¢ (x),

doy ((Vdp* ().) = Jpeodex (VHde* (1), ).
A map ¢ from a Riemannian manifold to a Kahler manifold is pseudo-horizontally homothetic
(PHH) if it is pseudo-horizontally weakly conformal (PHWC) and satisfies an additional homothety

condition on the horizontal distribution defined by the almost complex structure: for any horizontal vector
field X on M and any vector field Y on N,

do ((Wde'UD)) ) = Jdo (Vo' (1)) )

Remark: The description of the PHH condition, using local normal coordinates for both manifolds M and
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N, is the following (see [2]): consider x, € M a given point, (x;);=1 _m localy defined normal real

. ] ] :
coordinates at x; such that all the vectors: P (x0), g (x0) are in Ty M, (24)=1,.,n local normal
2n+1 m

complex coordinates at ¢(x,) € N, and ¢ = z, © ¢,

|M§

and
m 2@ 92 b
(x0)- (xg)=0,Va,b=1,..,n,Vk=1,..,2n
L 16xj6xk 0x;
]=

2. IMPLICIT CONSTRUCTION OF V - HARMONIC MAPS

As we saw in the previous section, the notion of harmonicity can be naturally generalized to that of
V - harmonicity, when a smooth vector field is given on the domain manifold. In this new context we can
generalize the classical implicit function theorem for harmonic morphisms (Theorem 2.1, [1]).

Theorem 2.1: Let us consider three manifolds, (M™,g) a Riemannian one, and (N2",]y,h) and
(Q?4, Jo,q) two Kéhler manifolds. Let F be a smooth map defined by:
F:NxXM-Q
(z,x) = F(z,x),

such that:

1. the partial map F,: N — Q, for any x € M, is holomorphic, and

2. for any z € N, the partial map F,: M — Q, is a V- harmonic pseudo horizontally homothetic

submersion.

Consider ¢: U - N, U € Q X M an open set, a smooth local solution for the equation:

F(p(w,x),x) =w,V(w,x) € U.

Then, for any w € Q, the map @,,: M - N, defined by ¢, (x) = @(w, x) is a V- harmonic, pseudo-
horizontally homothetic submersion.

Proof: The fact that ¢,, is a PHH submersion depends only on the conformal structures and the PHH
property of F, and F,. This was established in [1], and holds regardless of the tension field condition. We
focus on proving the V —harmonicity.

Let us choose local real coordinates (xj)jzl,...,m on M, and local complex coordinates (z;);=1,.n

and (Wg)g=1,..n o0 N and Q, respectively.
We compute the partial differential, with respect to x;, of the equation F(¢(w, x),x) = w

n n
z Fy 0<pw Fx 0<pw GF_O
=1 0 6xj
As F, is a holomorphic map the above equality reduces to:
n .
dE: 0o, JdF?
x  TPw —0vVa=1.,nVj=1,.,m )

= aZi 0 Xj axj
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To prove the V — harmonicity condition for ¢,,, we shall consider local normal coordinates.
Let xg € M, zy € N, and w, € Q fixed points such that wy = F(z,xo) and (x;);=1, m local
normal real coordinates at x,, (Z) ) local normal complex coordinates at z, (W) ) local normal
JJj=1,..n JJj=1,.n

complex coordinates at wy.
We differentiate equation (1) with respect to xy:

z": 9 [IFS Aol L
Lidx;\ 0z; 0x;) Oxi0x;
=1

which implies:

02ES Al dpl o 92FC gl N OFS d%pl  92F@

0z,0z; 0x) 0x; _laxkazi 0x;
1=

+
0z; 0x,0x; 0x0x; ’
= Zi Xk xj Xk x]

Va=1,..,nVj,k=1,.. m

i=1

Multiplying the last equation with the matrix (g Y )ij, we obtain:

n m a n m
z Z 02 F k,6<0w'6<pw +ZZ g aww
0z,0z; ox,  0x; axkazl ax,-
k,j=1

lr 1 i=1 k]:l

n m i m

. 0%l _ 92Fa
z Z . k] . Pw + Z gk] = O,V a=1,..,n
i=1k,j=1 axkan Ki=1 axkaxj
As g% (xy) = 6% and ¢,, is a PHWC map, the last equation reduces to:
azl 0x; azl azx] azx] ,Va=1,..,n (2)
l=11=1 i=1j=1 =

The V — harmonicity condition of F,: ty (F,) = t©(F,) + dF,(V) = 0, is equivalent, in local coordinates,

to:
iaZFZZ iVaFZa 0,va=1 iazFZa ivaza Va=1 3
. = =1..,n> = — i ) =1..,n.
9x? Tox, T T L g ARUIFT A noo G

j:]_ ] j=1

Substituting equation (3) in equation (2), we obtain:

n m i n m .
S S S
xjaZl ax] - aZl aZx] ] ax] ,va =1,..,n. ( )

i=1j=1 i=1j=1 j=1

The V- harmonicity condition that ¢,, must satisfy, reads, in local normal coordinates, as follows:

w
z 0x? +2Vf

j:l ] ]:1

)
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Multiplying this equation by the Jacobian of F, (‘ZF’? ) , we obtain:
Zi/q=1,.n
n m n m .
oFg 62<pw OEE 0¢),
LI INE :
Z z ] aZi 6x] ( )
i=1j=1 i=1j=1

As proved in ([1], equation (2.4)), the following equality is true:

which is true from equation (1).

References

Aprodu M. A., Aprodu M., Implicitly defined harmonic PHH submersions, Manuscripta Math. 100
(1999) 103-121.

Aprodu M. A., Aprodu M., Brinzinescu V., A Class of Harmonic Submersions and Minimal
Submanifolds, International Journal of Mathematics, Vol. II, 9 (2000) 1177-1191.

Baird P., Wood J. C., Harmonic Morphisms Between Riemannian Manifolds, Clarendon Press-Oxford,
ISBN 0-19-850362-8, 2003.

Chen Q., Jost J., Wang G., A Maximum Principle for Generalizations of Harmonic Maps in Hermitian,
Affine, Weyl, and Finsler Geometry, J. Geom. Anal., No. 25 (2015) 2407-2426.

Eells J., Lemaire L., A report on harmonic maps, Bulletin of the London Mathematical Society 10 (1)
(1978) 1-68.

Eells J., Sampson J. H., Harmonic mappings of Riemannian manifolds, Amer. J. Math. 86 (1964) 109-
160, Zbl1.122.40102.

Gudmundsson S., Wood J. C., Multivalued harmonic morphisms, Math. Scand. 73 (1993) 127-155.
Loubeau E., Pseudo Harmonic Morphisms, International Journal of Mathematics, Vol. 8, No. 7 (1997)
943-957.

Zhao G., V-Harmonic Morphisms Between Riemannian Manifolds, Proc. Amer. Math. Soc. Vol.148,
No. 3 (2020) 1351-1361.

122



