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Abstract

Biomechanical modeling with the help of analytical mechanics together with the application of
dedicated IT resources and mechanical simulations lead to a higher accuracy of the biomechanical
model. From an analytical point of view, this article develops the equation of motion of the human
head in a biomechanical system with three degrees of freedom using the Lagrange equations of the
second case. It has been considered that this biomechanical subsystem consists of 3 anatomical
elements: the head, the cervical region and the rest of the spine (considered as being a single element
consisting of the thoracic region, lumbar region, sacral region and coccygeal region).

The forces which stress the head and spine during normal movements or when activities in the
workplace are performed make biomechanical modeling different. Therefore, the movement of the
subsystem was analyzed in the sagittal plane taking into consideration joints of cylindroid type, and
the subsystem as a triple inverted pendulum.

The main purpose of this model was to obtain the differential equations of motion of the

mechanical subsystem considered to be in the matrix-analytical form.

Keywords: biomechanical system, biomechanical model, Lagrange equations.

1. INTRODUCTION

Biomechanical analysis of the human body for
identifying the equations of motion of anatomical
elements or joints is and will remain a challenge for
any researcher. The forces which stress the head and
the spine during normal movements or when activities
in the workplace are performed make biomechanical
modeling different. The different interpretation of the
origin and insertions of muscles (as the main generator
of movement) for some biomechanical models
belonging to the human body increase the complexity
of explaining the phenomena. Modeling with the help
of analytical mechanics together with the application
of computer tools dedicated to mechanical simulations
lead to a higher accuracy of the biomechanical model.

The development of a mathematical model of the
skeletal-muscular system is based on a simplified
representation of reality. The usefulness of the model
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lies in the ease of being used and implemented in
computer applications in order to determine some
biomechanical characteristics in a non-invasive way.
At the same time, it must contain all the characteristic
elements of the studied problem which can be
modeled using the abstraction through which it is
created a simplified image of the real system. The
study of the joint mobility of the upper body requires
the study of the movements of the head and spine. The
achievement of a complete model of the head - spine
subsystem implies an approach specific to each
researcher.

The authors considered that this biomechanical
subsystem consists of 3 general anatomical elements:
the head, the cervical region and the rest of the spine
considered as being a single element (thoracic region,
lumbar region, sacral region and coccygeal region)

(Fig. 1).
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Fig. 1 Subsystem head, neck, spine

The anthropometric quantities of the three

elements:
Dimension
Distance
towards
Segment Length of th_e | Total mass
the element ~ Proxima percentage
joint of
the center
of gravity
Spine Lev = a1= mi =
0.288-H 0.5-Lcv 35.5%
Neck Lg =0.052-H a= mz2=1.5%
0.5-Lg
Head Lc=0.130-H as= ms = 6.6%
0.5-Lc

Lcv - the length of the spine,

Lg —the length of the neck,

Lc — the length of the head,

a1 — the proximal distance of the center of gravity
of the spine (element 1),

a, — the distance towards the proximal joint of the
center of gravity of the neck (element 2),

as — the distance towards the proximal joint of the
center of gravity of the head (element 3),

m; — trunk mass (mass of element 1),

m; — neck mass (mass of element 2),

ms — head mass (mass of element 3).

The masses and position of the center of gravity
have been estimated for the three elements - head,
neck and spine - starting from the total mass and the
dimensions of the segments (through anthropometric
measurements) [1], [2], [3].
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2. THE METHOD USED IN BIOMECHANICAL
MODELING OF THE HEAD - SPINE
SUBSYSTEM

In order to analyze this subsystem from the point
of view of a mechanical model, the authors considered
the subsystem as a triple inverted physical pendulum
consisting of 2 bars articulated with (spine and neck)
and a sphere (head), (Fig. 2).
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Fig. 2 The transformation of the subsystem
into a physical model — triple inverted
pendulum

For the presented model, it was considered that the
three elements are articulated with cylindrical joints
(hinge) that allow rotational movement only in the
sagittal plane. There have not been taken into
consideration any possible slips in the anatomical
joints. Thus, the proposed physical model has 3
degrees of freedom on which three disturbing forces
F1, F2, F3 act, that perform in the centers of gravity of
the elements, forces which disturb the orthostatic
position (Fig. 3a and Fig. 3b).
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Fig. 3 Forces which disturb the orthostatic position
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The coordinates of the center of gravity belonging
to element 1, CG1 (Fig. 4) [4]:
Xceg1 = A4 Sin 0,
Yce1 = @y €0S 64
The coordinates of the center of gravity belonging
to element 2, CG:
Xcg2 = Loy Sin By + a, sin 9,
Yee2 = Ley €05 01 + a, cos 0,
The coordinates of the center of gravity belonging
to element 3, CGa:
Xcgz = Loy Sin 6y + Ly sinf, + as sin 6,
Yes = Ley c0s0; + Ly cos 8, + a3 cos 03
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Figure 4 The coordinates of the center
of gravity

Velocity determination of the center of gravity of
element 2, CGg, is obtained by deriving the
displacement of the center of gravity:

Velocity determination of the center of gravity of
element 2, CG2, is obtained by deriving the
displacement of the center of gravity:

1)
)

Xcgz = LeyBy €0s 0, + ay0, cos 6,

Yoz = LeyBy (—sin6;) + a,8, (—sin 6,)
. . . 2

Vo = Xegz” + yCGZZ:(ch91 cos 91) +

+2+(Ly61a,6, cos 6, cos 6,) +

+(a292 cos 92)2+(ch91 (—sin 91))2+

+2-L.,0, (—sin ;) a,6, (—sin 6,) +

(a0, (—sin 6,))*=2-12,62 +

+2L,0a,6,0, cos(6, — 6,) + a, 63 (3)

Velocity determination of the center of gravity of
element 3, CG3:

Xcoz = LeyBy cos 0y + Lgéz cos 0, + a6 cos 0,

(4)
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Yees = Levbs (=sin6,) + Ly6, (—sin 6,) +
+a3 93 (_Sln 03) (5)

Véea = Xcoa” + Veas = (Levbs cos 91)2"'
+(Lgé’2 cos 92)2+(a393 cos 03)2+
+2(ch91L992 cos 0, cos 62) +
+2(ch91 a36cos 6, cos 63)+
+2(Lg92a393 cos 8, cos 63)+
+(LC,,671 (—sin 91))2+(Lg 6, (—sin 02))2+
+(a393 (—sin 93))2+
+2(Leyb, (—sin 0;) L0, (—sin 6,)) +
+2(L¢y 0y (—sin ;) az05 (—sin 63))+
+2(L,0, (—sin 8,) az0s (—sin 83))=
= 12,67 + L3602 + a26% +
+2L,L 0,0, cos(0, — 6;) +
+L, 036,05 cos (03 — 6,) + Lya30,05 cos (03 — 6,)
(6)

The equation of motion for the proposed model
According to the Euler-Lagrange equations of the

second case:
a %) _ (f’ﬂ) —F
dt (aqi dq; - Fl
where:

gi — generalized coordinates of the system which
determines the system of differential equations for the
proposed model (q1=61, q2=6-, q3=65),

Ec — kinetic energy of the mechanical system which
characterizes the state of motion of solid bodies
system considered rigid, with connections,

Fir — generalized disturbing forces.

Disturbing forces are precisely the forces that
generate the movement of anatomical elements. These
forces are developed by the muscles responsible for
each movement. The muscle behaves like a spring,
which generates the movement when it contracts
(agonist muscles), a movement which is moderated by
the action of other muscles that oppose the movement
(antagonistic muscles).

The determination of kinetic energy of the
mechanical system composed of the 3 solid bodies

Kinetic energy of the analyzed subsystem consists
of the rotational kinetic energy and the translational
kinetic energy of each element:

Ec = Ecyot + ECtran =
=FE, +E, + E3 + Ecgy + Ecgs

™)

(®)

where:
Ey = 2Jo101 = 50167 (the rotational kinetic
energy of body 1),
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E, = %]C,sz = %]029'22 (the rotational kinetic
energy of body 2),
E; = éjogwg = %]03932 (the rotational kinetic
energy of body 3),
Ecgp = %mzvgm (the translational kinetic energy
of body 2),
Ecgs = %m3v§M3 (the rotational kinetic energy of
body 3).
The determination of the moments of inertia of the
3 solid bodies:

The three articulated anatomical elements were
considered homogeneous bodies having the
mechanical interpretation as follows:

e the spine was considered a homogeneous bar
whose moment of inertia Jo: is:
myL%,

Jo1 = 3
o the cervical region (neck) was considered a
homogeneous bar whose moment of inertia Jo2 is:
m,L%

]02 - 12
¢ the head was considered a sphere whose moment
of inertia Jos is:

]O3

2
= _m3R(% =

5 _mstc

10
where:
Rc = L¢/2 = 0.65-H — the radius of the sphere that
physically shapes the head
The kinetic energy of the subsystem becomes:
1m1L§,,.2 1m2L§.2 11 5 ia
EC -_ E ] 3 91 +E 12 92 fzﬁm3l,c93 +
+Em2[2L%v912 + 2cha29192 COS(@Z - 91) +
a, 03] +Smy (12,62 + 1202 + a262 +
2LCVLg9192 cos(6, — 6;) + L.,a360,05 cos(6; —
L. 1 L%v
91) + Lga39293 COS(93 - 92)] = E (mlT +
1 (myL%
E( 12
+mal2) 67 +3 (3mal? + mya?) 62 +
+ %-[Zmszaz cos(8, — 01) +2m3L¢, Ly cos(6, —
_91)]é192 + % [m3Le,a3 cos(B3 — 91)]9193 +
+ %-[m3Lga3 cos(0s — 92)]9293 9)
meaning,
EC = i(mllélz + mzzézz + m339§ + Zmlzgléz +
+2my36,05 + 2m,30,05) (10)
Comparing the general form of the kinetic energy
with the kinetic energy of the analyzed subsystem,

[5] there can be determined the terms of the inertia
matrix [M]:

+2m,L2%, + m3L%,,) 67 + +mya, +

2
mq L,

my = + ZmzL%v + m3L%v

my, = myL.,a, cos(8, —0,) +
+ m3Lc, Ly cos(6, — 6;)

23

1
my3 = Emchuas cos(6; — 6,)

My, = MyLy,a, cos(0, —6;) +

+m3Le,Lg cos(6, — 6;)

m,L2
my, = 1229 + mya, + m3L§
m23 = Emngag COS(03 - 92)
1
mzq = §m3cha3 cos(6; — 6,)

1
ms, = Em3Lga3 COS(93 - 02)

m33 = ngLZC + mgag
Determination of the potential energy of

mechanical system composed of 3 solid bodies and 3
springs
The potential energy of the analyzed subsystem
consists of the potential energy of each element and
the potential energies of the limitative springs [6], [7]:
Ep = Epy + Epy + Eps + 2Epqq + 2E,45 + 2Epg3
(11)
where:
E,, = mygAh, = (potential energy of body 1),
Ep, = mygAh, (potential energy of body 2),
E,3; = m3gAh; (potential energy of body 3),
where:
Ahy = a;(1 — cos 6;)
Ah, = L, (1 —cosB,) + a,(1 —cosb,)
Ahz = Ley(1 —cos6,) + Ly(1 — cos6) +
+a;(1 — cos6;3)
meaning
E,y =mygdh; =myga;(1— cosf;)
Ey, = mygdh, =
=m,g|[L.,(1 —cosb,) + a,(1 —cosb,)]
Eps = m3gAh; = m3g[L, (1 — cos6;) +
+Ly(1 — cos 6,) + a3 (1 — cos 65)]
For small values of angle 0, the substitution

. . . .0 6 .
sin @ =~ 6 is accepted, meaning sinz ~ - resulting:

., 0 0

cos B = 1—25m2;—>1—6056 =2$ln2;
02 92

=2— —>1—cosf =—

4 2

Ey = 5"119611912
1 2 2
Ep, = Eng(ngl + a,03)

1 2 2 2
Ep3 = §m3g(ch91 + ngz + az03)

Epar = %kl(xi2 — x£,) (potential energy of spring 1),

%kz (x? — xf,) (potential energy of spring 2),
Epaz = %k3 (x? — xf5) (potential energy of spring 3),
where:

k ;— the coefficient of elasticity of the spring ,,i”’
(muscle),

x; — the initial length of the spring,

x¢q — the final length of spring 1,

Epaz =
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Xr, — the final length of spring 2,
x¢3 — the final length of spring 3,
The initial lengths of the springs are:

X; = xfl + 61
X = sz +62
X; = Xf3 +53

where:
&, = a, sin 6, — the displacement of spring 1,
6, =a,sinf, + L., sinf; — the displacement of
spring 2,
03 = azsinf; + Ly sin0, + L, sin 6, -
displacement of spring 3,

For small values of angle 6, the substitution
sin @ = 8 is accepted, meaning

61 =a.6;
8; =a,0, + L0,
03 = azf3 + Ly6, + L0,

Therefore, potential energies of the springs
become [8]:
Epar = 3k (chy + 227181 + 62 — xfy)

the

1
Epar = §k1(2xfla191 +ai6?)
1
Epaz = Ekz(.x%Z + fo262 + 622 - xfzz)
1
Epaz = Ekz(Zszazgz + 2ch91 + a%ezz +
+2ayL.,0.0, + 12,62

Epa3 = . k3 * (x12r3 + ZXf363 + 6§ - x]g:;)

2
Epag = %k3(2xf3a3g3 + 2xf3L992 + ZXf3ch91 +
+a305 + 1265 + 12,07 +
+2a3L40,05 + 2a3L,0,03 + 2LyL 0,0, + LZ2,67)
Substituting in relation (11), the potential energy
of the system can be written:

1 1
Ep = ;77119511912 + Eng(l‘cvglz +a,03) +
1 1
M3 g(Lep0F + Lg63 + az03) + 2-ky (2x71a16, +
a307) + 25k (2%7,0,0, + 2L, 0, + 0363 +
2,Lc0,60 + 12,0%) + 25k (22730505 +
2xp3Lg0, + 2xp3L0, 01 + a305 + L2605 + 12,07 +
1
Ep = 3 [miga, + mygLe, + magle, + 2k af +
+2k, L2, + 4k3 12,102 + + [mygay +magly +
+2k,a? + 2k;1%)02 4—%[m3ga3 + 2k;a3]0% +
+ 2 [4kyaz Loy + 4ksLgLey 010, +
+ [4k3asLy 0,05 + > [4k;a;Lc, 10105 +
+ = [4ky X1 0y + Loy + 4hsxpsley]0r +
1 1
+ 5 [4k2xf2a2 + 4k3xf3Lg]02 + > [4k3xf3a3]93
In turn, deriving the relation of the potential energy
of the system according to the three generalized

coordinates, 61, 6>, 65, and analyzing for the initial
position of the system when the generalized

coordinates are equal to zero, it is obtained x; = 0 and
the potential energy becomes:

1
Ep = E[mlgal +mygLley + MygLe, + 2kiaf +
1
Zkszw + 4k3L%v]912 + E [ngaz + m3ng +
2k,a3 + 2k;L3]62 +§[m3ga3 + 2ka3]0% +
+ 2 [4kyas Ly + 43 LgLey 010, +
1 1
+2 [4ksasL, 0,05 + S [4ksa3L,16165
Identifying the terms in the general form of the

potential energy, there are determined the terms of
the rigidity matrix [5]:

kiy =migay + mygle, + magle, +
+2k,a? + 2k, L%, + 4k;L2,
ki, = 2kya3Le, + 4k3LgLe,

ki3 = 2kzazL,
ko1 = 2kya;L, + 4ksLgle,
ko, = myga, + magly + 2kya3 +
+2k3 L5
ka3 = 2ksasL,
k31 = 2kzazLe,
ks, = 2ksazLg
kss = mggas + 2kya?

The ecuation of movement for the analyzed model
can be written in matrix form [9]:

6, 0,
[M]46, ¢ + [K] {92} = [Fip]
28 63

and analytical form:
(myy +myy + m13)§1 + (k1 + Kz + ky3)0; = F;
(myy + my, + m23)é2 + (ka1 + kap + k23)0, = F,
(M31 + M3y +M33)05 + (kaq + kap + k33)03 = Fy

Substituting the terms of the inertia matrix and those of
the stiffness matrix, it is obtained the system of
equations formed by the relations (13), (14), (15) which

represent exactly the equations of the analyzed

subsystem.
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m, L2
[— 4+ 2m, L2, + mal2, +

+m,Lc,a; cos(6, — 601) + mgLe, Ly cos(6, — 0;) +

1 ..
+Em3Lc,,a3 cos(0; —6,)] 6, +
+(myga, + mygLe, + mggLy, + 2k,a? +
+2k, L2, + 4k3L%, + 2kya;Lc, + 4ksLgLe, +
+2ksazl.,) 0, = F, (13)

[myLeyaz cos(0, — 6;) + m3Le, Ly cos(6, —

myl%
61) +—5

2
+ mya, + myLlg+t

1 ..
+§m3Lga3 COS(93 - 62)] 62 +
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+(2k,a,L,, + 4k3LgLC,, + myga, + mygl, +

1
[Em3Lcua3 cos(03 — 0;) +

+%m3Lga3 cos(05 — 6,) + %m3LZC +mgad] 6; +
+(2k3a3LC,, + 2k3a3Lg + msgas + 2k3a§)93 = F3
(15)

3. CONCLUSIONS

The advantages of mathematical modeling stand
out, especially in the case of complex biomechanical
systems when it is necessary to determine a series of
parameters using non-invasive methods. Thus, the
investigation of a particular subsystem is possible if
real experiments cannot be performed. At the same
time, the use of the model allows iteration on various
anthropometry whenever needed in order to perform
an analysis as accurate as possible. Also, by modifying
the parameters of the biomechanical system, the
extreme values of the variables can be established,
values which would correspond to some limit
anatomical positions. It can be concluded that the
study based on models is much more efficient both
qualitatively and economically (low costs, reduced
time, etc.)

The analytical model head-neck-spine can be used
when the angular variations of the studied anatomical
elements (61, 62, 63) can be determined. This thing is
possible due to a series of computer applications
which use markers (Kinovea) or with the help of some
sensors that can determine angular displacements.

The developed model can determine the values of
the forces responsible for the movement of the head,
neck or trunk, but also the restorative forces
responsible for the return of the body to the orthostatic
position.

For the future, we intend to make a parameterized
analysis of this analytical model in order to establish
the values of disturbing and/or restorative forces
according to various anthropometries.
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