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ABSTRACT

In this paper two constructive solutions for central conical worm from composition
of helical compressor are analyzed. First is a worm with cycloid frontal profile and the
second one is a worm with circle arc frontal profile. The conjugated worm for the
conical rotor is determined based on the fundamental theorems of surface enwrapping.
Afterward, the area between the flanks of lobes for drive and driving worms are
calculated in sections perpendicular to the axis of driving worm.

For equals dimensions of worms it is estimated the volume included between the
drive and driving worms, as determining factor defining the compressor flow.
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1. INTRODUCTION

Helical compressors were firstly created by
Sheldon S.L. Chang [1]. As industrial applications
were introduced by O. Dmitrev and I. Arbon, which,
together with the leaded team founded a specific
industry, imposed this compressors type in various
industrial applications [2], [3], [4], [5].

In this paper is proposed an analysis based on an
analytical development of two constructive forms for
the included worm: conical worm with cycloid frontal
profile and conical worm with frontal profile in circle
arc.

The analytical forms for both conical worms
were developed in order to assess the area included
between the lobes of including and included worms.
The areas are regarded as fundamental geometric
parameter for the estimation of the fluid flow for this
compressor type. In the analysis were used the
fundamental theorem of surface enwrapping [6], [7]
and also were used the capabilities of CATIA design
environment, [8].

For the determining of conjugated profile of the
worm with frontal profile in circle arc were using the
in-plane trajectories method [9].

The geometric values of spaces included in
crossing sections for these compressor types were
assessed.

SOLUTION
FRONTAL

2. CONSTRUCTIVE
FOR WORM WITH
PROFILE IN CIRCLE ARCS

2.1. Frontal profile of included worm

A conical worm with frontal profile in circle
arcs was analysed. The frontal profile of the worm is
composed by a circle arcs assembly, filled one each
other, see figure 1.

Fig. 1. Crossing profile of the worm with lobes —
circles arcs
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The frontal profile of the worm is composed by
an assembly of circle arcs with r. and r; radii, with

centres O and O;. The arcs AB and BC compose
the half profile of the worm lobe, for the case of two
lobes worm.

They are defined the references systems:

- XeYe — mobile reference system joined with the
convex lobe;

- XiYi — mobile reference system joined with
concave lobe;

- X1Y1Z1 — reference system joined with the
conical worm (Z1), with centre in point O.

Note: With X;Y2Z, will be denoted the reference
system joined with the including worm.

The current coordinates on the two circles are
defined as:

X, =r, -C0Sq.;
1 e ) goe (1)
Y, =r,-sing, +R;;
X, =—I -C0S¢. + R,;
BC 1 |- q)l 2 (2)
Y, =r -sing,.

The two circle arcs are regarded as tangents in
point B, see figure 1.

2.2. Helical conical flank of the included worm

In figure 2 is presented the crossing section of
the conic support of worm’s lobes, with radius
variable along the worm’s axis, in limits R = Rp,
initial section and R = R in final section of the worm.

Fig. 2. Crossing section of conical support of helical
flanks

It is acceptable that the R radius is variable
along the worm’s axis, see figure 1:

R=R,—p-¢-1gs, 3)

where: p represents the helical parameter; o;
generatrix angle of the support cone for helical lobes.
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Similarly, the radii values for frontal circles of
conical lobes:

r=r,—p-¢-190;

(4)
I ="rs—P-¢-190,
with @ angular parameter.
In these conditions, the flanks surfaces
equations can be determined, see (1) and (2):
X, =T,-C0S¢@, -COS¢ —
—(r,-sing, +R,)-sing;
Y, =T, -CoS, -Sing+
2 1 e - we ¢ (5)
A8 |+ (1, -sing, + R, )-cos¢;
Zl =p- ¢,

respectively,
X, =(-1 -cosg, +R,)-cos¢ -
—r, -sing, -sin g;
5 Y, = (-1, -cosg, +R,)-sing + ©)

8¢ |+r, -sing, - cos @;

le p¢«

with R;, R, r. and r; variable values, defined by, (3)
and (4).

2.3. Including worm of conical helical
compressor

The including worm, see figure 3, is associated
uu
with a conical surface, with axis V, (Z, ), intersecting

u
the axis V,(Z,), of the included surface (driving

conical worm of the conical helical compressor), in
point Oq.

They are defined the reference systems:

- X1Y1Z1 — mobile reference_system joined with
the included worm; Z; axis is the axis of cone with Rg
radius and & half angle;

- X2Y2Z, — mobile reference system joined with
the axis of including cone, with axis Z, and ¢, half
angle.

They also duefined the fixed referentl:;e systems:

- xyizr Vi(Z;)- with axes V, and Z,
overlapped; w w

- xyoze V,(Z,)- with axes V, and Z,
overlapped.

They are defined the relations:
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L= Rl = Rz
sing,  sind,

()

where L is the length of common generatrix of cones
u w

with axes V; and V, ;
- R;=R,, see definition (3).

Form of external
worm

b 1.1 vt 1 1
N, \ L = X,
A
z \ B, -
) |- Included conical
_ surface
S

- ™0 — Revolution axis of
* L internal conic worm

Including i"_i',-' L -7 starts

conical surface

Revolution axis of
external conic worm

Fig. 3. Conical surfaces of included and including
worms of conical helical compressor

If the rotation angles, in the rolling process of
the two conical surfaces, are denoted with @, and @,
then the gearing ratio is:

_ ﬁ — leobes

I1,2
¢1 Zzlobes

(@)

where Zjopes, Z2100es are the helical lobes numbers for
the two worms (Zsiopes=2 and Zzjppes=3).

The gearing kinematics of the two worms
assume the movements:

X :a); (¢1)-X1, 9)

rotation of the included worm around the axis

Vi(2,)(2,):

X, :a)sT (¢2) Xz ' (10)

rotation of the including worm around the axis

ul
V,,(z,).

If it is defined the relative position of the fixed
references systems:

X, =0-x,, (11)
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cosf 0 sinb
where 0 = 0 1 0 |,
—-sind 0 cos0

so, the relative motion of the mobile reference
systems X;Y;Z; and X,Y,Z; is given by transforming:

X,=aj () 0-05 (4) X,. (12
In this way, the equations of helical lobe’s
flanks SRB, (5), and Seec’ (6), are given hy

transforming:
(ZABYBC )¢1 ‘Xz - ng (¢2)9a)3T (¢l) xlAB,BC (13)

where lem, YlRB,B\': and ZlRBBc

helical flanks equations (5) and (6).
The surfaces family, by transforming the (13)
equations, are expressed in form:

are given by the

X, =[cosg, -cos@-cosg, +sing, -sing, |- X, +
+[-cosg, -cos@-sing, +sing, -cosg, |-V, +
+[cos g, -sind]-Z,; (14)
Y, =[—sing, -cos@-cosg, +cosg, -sing, |- X, +
+[sing, - cos@-sing, +cosg, -cos¢; |-, +
+[-sing, -sin6]- Z,;
Z,=[-sin@-cos¢ |- X, +[sind-sing,]-Y, +
+Z,-c0s0,

(ZAB,BC )af;

The equations (14) represents, consecutive, the
surfaces family generated in the X;Y.Z, reference

system by flanks SRB, (5), respectively, S s (6).

The enwrapping condition of surfaces family (14) is
given in form:

Xog Yoy Ly
Xpy Yoy Zo |=0, (15)
20, YZ‘Pl‘e Zz‘pl,e

for variables @ and ¢, — from helical flanks

equations (5), (6) and @;, — movement parameters in
generating process of including worm.

The ¢ parameter is the generic representation
for ¢, respectively ¢, see (1) and (2). In correlation
with (15) they are defined the partial derivative:
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—sing, -cos @ - cos ¢, »zﬁ—cow2 -cos&siny)l}r
X2¢, = b X+

+C0S ¢, - sing, ‘3%1’ sing, - coS ¢,
1

sing, gﬁ-cosﬂsinqﬁl —C0S ¢, -C0S O - COS ¢,
+ ¢1 g ‘Y17
+C0S ¢, - COS ¢, -i—singﬁ2 -sing,
d¢1

—sing, -%sine-zl;
dg,

—cos@ﬂ%
Yu=) d¢1
—sm¢2-d—¢2

1

cos g, -:—Zz-cosa-sian1 +sing, -cos@-cos¢, —
1

-€0S6-CoSg, +sing, -€cosO-sing, —
X+
-Sing, +cos g, - Cos ¢,

d Y+
—sing, -ﬁ-cowﬁ1 —C0S ¢, -sing,
dé;

dg, (16)

+| —cosg, -
[-oona 5
Z,, =sin@-sing, - X, +sin-sing -Y,.

-sina}-zl;

As well, the partial derivatives regarding ¢ are
defined:

X,, =[cos¢, -cosd-cosg, +sing, -sing,]- X, +
+[-cos¢, -cosd-sing, +sing, -cosg,]-Y, +
4.-[cos¢2 -sme]-le; Can
Y, =[-sing, -cos@-cosg; +cosg, -sing, |- X, +
+[sing, -cos@-sing, +cosg, -cosg]-Y, +

+[-sing, -sin6]-Z, ;

Z, =[-sin6-cos¢;]- X, +[sin@-sing,]-Y, +

+Z, -cosd

and, at the same time, partial derivatives regarding @:

X,, =[cosg, -cos@-cosg, +sing, -sin¢1]-X1¢ +
+[—cos ¢, -cos@-sing, +sing, -cosg; |-Y, +
+[cosg, -sind]-Z, ;

o ) . (19
Y% =[-sing, -cos@-cos¢, +Cosg, -sing |- X, +
+[sing, -cos@-sing, +cos g, -cos¢1]-Y'1¢ +

+[-sing, -sinH]-Z'%;

Z, =[-sin6-cosg,]- X1¢ +[sin9-sin¢1]~Y'1¢ +

+Z, -c0s6,
I3

with remark that the ¢ parameter become ¢, for 2,
surface and ¢; for 25 surface.

Keeping in mind the form of equations of
surfaces 2,5, (5), and 2., (6), then, the partial
derivatives regarding ¢ and @ are defined:

- for 2,5 surface:
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=—r-(sing, -cosg—cos g, -sing);
—r-(sing, -sing +cos g, -cos¢); (19)

SR
v, =
2, =0

and

X, =—T-C0Sg,-sing—
—(r-sing, +R)-cosg;

Y, =T -C0S@, -COS¢P— (20)

—(r-sing, +R)-sing;
21¢ =-p

- for Xy, surface:

X;ﬁ =r-sing -CoS¢—r-cosy, -sing;

Ylw1 =r-Sing, -Sing+r-cos¢, -cos¢; (21)

Z% =0;

and

X, =—(-r-cosg, +R)-sing -
—r-sing, -CoS ¢;

Y,, =(-r-cos¢, +R)-cosg— (22)

—r-sing. -sing;
Z,=-p.

3. Constructive solution for conical
cycloid worm

3.1. Crossing profile of the cycloid worm

They are defined the references systems:

- xyz — fixed reference system, joined with
rotation axis of base (R);

- XeYeZe — reference system joined with Oe
external roulette origin;

- Xiyizi — reference system joined with Oi internal
roulette origin;

- XiY1Zy — reference system joined with
generated profile;

- XeYeZe — mobile reference system joined with
point A;

- XiYiZi — mobile reference system joined with
point B.
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A External

(O]
Z’Zl |

Internal roulette

Fig. 5. Cycloid profile of worm. Reference system

They are defined the coordinates of points onto
the roulettes which generate arcs of epicycloids and
hypocycloids:

X, =0; X, =T, -C0S S,
A B .
Y, =1; Y, =1, -sing.

e

(23)

Also, the roulettes and base movements around
axes Ze, zi and z are defined:

X, = a); (—goe)- Xes (24)
X = (@) X (25)
x=a; (¢) X; (26)
- the rolling condition of base and roulettes:
F-g=R-¢ (27)
r. ¢, =R- 9 (28)

The matrix Xe, Xi and X are forms with
coordinates of current point in mobile reference
systems.

The relative positions of xyi and xey. reference
systems regarding the xy reference system joined with

base:
= 0 : 29
X, =X+ R+1. : (29)
X = X+ (R_r‘)'c?sﬂ , (30)
(R—r)-sing

The relative movements results:
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X =w3(¢){w§ (—ﬂﬁe)'xe’L[R

j
l ( )
e

representing the 4 point movement onto the external
roulette regarding the XYZ reference system of the

included rotor, and
r,-cosf
ST (s

r-sing
- , (32
’ (R-r)-sinp

representing the movement of the B point of internal
roulette, regarding the XYZ reference system.

From the movement (31) and coordinates of A
point in X;Y; reference system, (23), the equation of

the epicycloids arc RB: results:

X =r,-CoS¢-sing, +
+|r.-cosep. +(R+r)| sing,

[e -(ﬂe ( e)] @ (33)
Y =r,-sing-sing, +

+[re -COS ¢, +(R+re)]'cosqo

and, similarly, from (32) and (23), the hypocycloid

BC equations result:

X =r-cos(f+¢ —p)+
+(R-r)-cos(p-B);

BC - (34)
Y =r-sin(f+p,—0)+
+(R=r1)-sin(p—p),

where:

p="2 n=n=r B=l. (39

for a worm with two lobes.

3.2. Equations of the conic helical surfaces —
flanks of the included worm lobes

In figure 6 is presented the support conic surface
of worm with cycloid flanks, the current radius of
conic surface is R:

R=R,-p-¢-tga, (36)
with: p — helical parameter (constructive); R — radius

of the frontal basis (constructive); a — angle of conic
surface’s generatrix with cone’s axis
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r:%-(Ro—p-qﬁ-tga), @37

for a worm with two starts.
They are defined the reference systems:
- XYZ — mobile reference system, where the

frontal profile of lobe is defined — curves AB and
BC;

- X1Y1Z1 — reference system joined with conic
surface associated with included worm.

The helical surface of tooth flanks is generated
in the movement:

X, =a] (¢)-X —p-¢-K,

with: p — helical parameter; ¢ - variable angular

(38)

parameter; X — matrix of current point coordinates, for

curves AB (33) and BC (34).

Frontal section
Zla Z A

~ of worm
R, |
@Y, h ) " X X
b I S
' ©
l —=—
. R > Y
Conical !
surface '

Fig. 6. Axial section of conical surface; reference
systems

The conic helical surface generated by arc AB

is:
X, cos¢g —sing 0
Y, |=| sing cosg O |
Z 0 0 1

r-sin(p+g,)+(R+r)-sing

I’~COS((/)+¢)E)+(R+Y)‘COS¢)]_ 39
0

- 0

p-¢

or, after developments:
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X, =[r-sin(p+g,)+(R+r)-sing|-cosg—
_[r.cos(¢+¢e)+(R+r)~cos¢]~sin¢

Y, =[r-sin(p+g,)+(R+r)-sing]-sing— (a0)
—[r-cos(p+g,)+(R+r)-cosp]-cosg
Z,=-p-¢

representing the epicycloids flank of included lobe of
the compressor. Similarly, the equations of the

hypocycloid flank, generated by curve BC are
defined, see figure 4:

X,=r-cos(B+p —p+p)+(R+r)-
-cos(p—f+4);

Zgc ler'Sin(ﬂ+¢7i —(p+¢)+(R—I’)- (41)
sin(p—B+¢);
Z,=-p-¢.

Also, the equations (40) can be bring in form:

X, =r-sin(p+o, —4)-
—(R+r)-sin(p—¢);
Y, =r-cos(p+¢, —¢)+
+(R+r)-cos(p—¢);
Z,=-p-¢.

(42)

The definitions for r, R and B are as above.
Also, there dependencies:
o.=p=i-p, (i=3/2), (43)
for a worm with two starts.
The condition  (43) results from the arcs
equality (movement of basis and roulettes):

p-R=¢,-r. (44)

3.3. Surfaces of the including worm

The kinematics of the rolling process for
including worm flanks generating is identically with
those previously analysed, for worm with circular
lobes, see figure 3. In this way, the equations of the
surfaces family generated by cycloid flanks, in the
relative movement of conic surfaces, see (13), leads to
forms (14), when the equations of the worm’s lobes

are given consequently, by equations (42) for X ,g
and (41) for X .
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In these conditions, the (14) surfaces family, in
X2Y2Z, reference system, leads to equations depending
by the independent variable parameters: @; — rotation
angle of the Xi1Y1Z; reference system; @ - angular
parameter of the helical surfaces X,5, Xq., (41),
(42); ., respectively ¢ angular parameters for
generating the epicycloids and hypocycloid.

So, in principle, the equations (15) are functions
in form:

X, = x2(¢1’¢1¢i,e);
(ZAB,BC )¢1 Y, =Y, (¢1a¢v¢i,e);
Z,=2, (¢1’¢i¢i,e)'

(45)

Obviously, between the @& and @, angular
parameters is the dependency given by relation (8) —
gearing ratio between the rotation of the included
body (2 lobes) and the including body (3 lobes). The

enwrapping  of (SAB)fl and (SBC)fl

families is obtained associating with equations (13)
the enwrapping condition (15).
The specific enwrapping condition is in form:

%, ¥ B
=& & &

2je 2. T2

surfaces’

=0, (Su), (9

and, similarly, D; , for (S BC )f , when the last row

i
ofthe Dy, determinant become )@2‘“ \‘%‘i é‘ji .
The Xg;fl, Y%l and Zgz‘fl partial derivatives are

given by (20), where X1, Y1 and Z; have forms (41) for
2 ,p and (42) for X .

Also, the partial derivatives X%f , \‘% , Z%‘f and
& Y& and Zg‘

20 V2. %, are similar with (19),

respectively (20), where are defined, for 2,5,

Xy, =r-(1+i)-cos[ g, (1+i)-¢]-
—(R+r)-i-cos(i-p, —¢);

Yy, =—r-(1+i) sm[(pe (1+i)-g]- 47)
—i-(R+r)-sin(i-p, —¢);

Z,, =0,

also,
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Xy, =—r-cos| g, (1+i)-
+(R+r)-cos(i-@, —9);
¢+
+i-(R+r)-sin(i-p, —¢);

Z,=p,

¢+

Yy, =r-sin[ o, (1+i)- (48)

similarly, for X g

Xy, ==(1=i)r-sin[ f+¢+¢ (1+i)]-
(R-1)-sin(i- g~ f+9);

Y, =(1-i)r-cos[ B+g+g (1-i)]+ (49)
+i-(R=r)-cos(i-@ — B+9);
Z,, =0,

and, at the same time,

Xy, =—r-sin[ B+g+g(1-i)]-
—(R=r)-sin(i-¢ - f+¢);

Y, =r-cos| f+g+e(1-i)]+
+(R=r)-cos(i-p — B+9);
Z,,=p,

(50)

with: p — helical parameter of helix onto the included
worm:

| :& = ﬁ, (51)
B
from the rolling condition of roulettes (ri, re) onto the
base R.

For comparison of the two cases, the equality
condition between the external diameters in frontal
position, for the two worms with circular bulbs and
with cycloid bulbs, is imposed.

4. COMPARISSON BETWEEN THE
TWO CONSTRUCTIVE SOLUTIONS

They were considered worms with the same
helical parameter:

- Cycloid conical worms with re = r;
=10 mm;

- Worms with circular profile with re = 6.5 mm;
ri =18.33 mm; R = 10 mm.

In both cases, the external diameter of included
worm was 30 mm.

For cycloid conical worm the included worm
frontal section area is 353.429 mm? and the including
worm section area is 746.131 mm?. So, the enclosed
area is 392.702 mm?.

=5mm; R
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For worms with circular profile the included
worm frontal section is 324.081 mm? and the
including worm section area is 703.770 mm?. So, the
enclosed area is 379.689 mm?.

The areas enclosed between the included and
including worms are presented in figure 7.a for
cycloid worms and in figure 7.b for circular worms.

The difference between the enclosed areas is
13.013 mm2,

b.
Fig. 7. Areas enclosed between the included and
including worms: a. for cycloid worms; b. for circular
worms
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4. CONCLUSIONS

It is possible to construct a worm with circular
lobes, which meet the requirements for active worms
of conical compressors.

The construction of worms with profile in circle
arcs may solution more simple than the generatrix
obtained as circles family — current solution.

The worms with circular profiles are, in
principle, solutions more technologically. At the same
time, the measuring possibilities are more rigorous
and the generating tools are easier to make.
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